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• Before we begin, I hope you may enjoy a 
movie clip (kindly brought to my 
attention by Lutterotti) from the 
television series PLURIBUS, which is a 
huge hit in the United States.

• It's about an alien virus that unites all 
humanity in a "hive mind," thus 
eliminating conflict and violence.

• But it also eliminates individuality.



• Inserire film



Did you notice that in this sci-fi series, a book 
pops up on a desk?

How to justify it?   Three chances:

----- the choice of volume was casual.

------ the director started as a crystallographer but 
now is a great filmmaker

----- the book is able to fight the aliens. 

• Choose freely the answer. In my opinion, if the 
opportunity arises, we should give it a try.



The historical reconstruction that I will present 

here is very personal.

I lived in the area for about 50 years and  this 

paper  represents my interpretation of the 

scientific progress in the area,  as arises from my 

direct interactions with the colleagues with whom 

I have been fortunate enough to share efforts and 

hopes.



I will cite only a few authors, only those I need 
for my story. I did not want to offer you an 

orderly collection of quotations, rather I wanted 
to create a reasoned reconstruction of the 

evolution of the phase problem.

I can, however, affirm that an entire generation 
of crystallographers, that to which I belong,  

solved the phase problem for small to medium-
size structures. 



I prefer to cite the leading groups that 
contributed most to solving the phase problem. 

In alphabetical order, they are:
Amsterdam, Bari, Bangalore, Buffalo, Göttingen, 

Nijmegen, Paris, Peking, Utrecht, Washington, 
and York.

In the next photo, the scientists from Bari who 
contributed to the development of DM, both for  

single crystals and for  powders. 
There are three scientists missing who are relevant to 
the last part of this presentation. I'll show them later.





To start

---- 1895. Discovery of x-rays in 1895 by W. C. Röntgen

--- 1913. The first solved structure (NaCl) by W. L. 
Bragg.

The method used was a kind of trial and error. A 
structure is hypothesized, the structure factors are 
calculated, and they are compared with the observed 
ones. If the agreement is not good, another model is tried 
again. There are serious limitations to the approach.

-- 1920s. The systematic introduction of Fourier series 
to reconstruct the electron density in crystals (W. H. 
Bragg; W. L. Bragg; P. Debye)



The two main streams
There are two historical streams for  the solution of 
the phase problem: 

-----the small medium-size molecule

--- the macro-molecule streams.  

Their developments have been substantially 
independent of each other up to the 90s of the 
past century, even if contacts can be noticed from 
the 80s. 

Reasons:  Protein crystallographers knew they 
could not exploit the methods used for small 
molecules. Small molecule crystallographers knew 
that it did not make sense to apply the methods 
developed for proteins. But why?

.



Two reasons for the divergence between the medium-small-
molecule and macromolecule streams.

---The number of parameters to be defined for 
macromolecules is much greater than for small molecules. 
This is a primary obstacle for DM, as the invariant phase 
estimates depend on N.

---Experimental data for macromolecules often have non-
atomic resolution. This greatly reduces the number of 
invariants that can be estimated with sufficient accuracy.

I will consider the achievements of both the streams, the 
results obtained after their confluence, and future 
perspectives



Small-medium size  molecule stream 

I will divide it into two sectors

                     Single crystal   stream

                             Powder stream

I will start to deal with the single crystal 
stream small molecule



---1934 The  Patterson approach, the first 
systematic approach to structure 
determination. It is very effective for 
structures with some heavy atoms (e.g., 
minerals).
This was a strong impetus for the creation of 
the first crystallographic societies: Germany 
and the United Kingdom 1943, France 1947, 
Italy 1967, IUCr 1947.

Mineralists were keenly interested in the 
structure of minerals. Consequently, the first 
crystallographic  societies had a strong 
majority of mineralists, a minority of 
chemists (mainly metalorganic chemists) and 
small minorities of biologists.



---- From 1948. An important innovation 
began to emerge, very timidly: the advent of 
Direct Methods.

The first fruits were the so-called inequalities 
between structure factors (Harker & Kasper; 
Gillis, Mac Gillavry, and many others).

The most general was the inequality of Karle & 
Hauptman (1950), which was based on the 
positivity of the electron density. They were 
quickly forgotten because it was understood that 
the most effective tool was Probabilistic Theory.

---1953. Hauptman & Karle published the 
method of joint probability distribution functions 
of structure factors. This was the birth of 
modern  Direct Methods.



The Advantage of Direct Methods

They were able to solve structures with 
heavy atoms and without heavy atoms. 
That changed the Crystallography mission

Organic chemistry began to establish strong 
connections with the crystallographic 
community. 

Today, chemists have become a strong 
component of Crystallographic Societies.

For small molecules, Patterson approaches 
were soon relegated to a niche.



DM: race towards maturity

The theory of the joint probability distributions of 
the structure factors, ductile and universal, was 
settled, and proved to be  a  fundamental tool for 
the next generation of scientists.

----1955 Cochran formula for the probabilistic 

estimation of triplet invariant phase was established 

 P 𝜱 ≈
𝟏

𝟐𝝅𝑰𝟎 𝑮
𝒆𝒙𝒑 [𝑮𝑪𝒐𝒄𝒉 

𝒄𝒐𝒔 𝜱 ]

with                   𝑮𝑪𝒐𝒄𝒉 =
𝟐𝑹𝟏𝑹𝟐𝑹𝟑

𝑵



---- 1956 The tangent formula    

by Hauptman & Karle (1956). 
𝑷 𝝋𝒉|𝝋𝒌, 𝝋𝒉−𝒌, … ≈

𝟏

𝟐𝝅𝑰𝟎 𝜶𝒉 

𝒆𝒙𝒑 𝜶𝒉𝒄𝒐𝒔 𝝋𝒉 − 𝜽𝒉 

                                     𝒕𝒂𝒏 𝜽𝒉 =
σ𝒌 𝑲

𝒉,,𝒌 
𝒔𝒊𝒏𝜽𝒉,𝒌

σ𝒌 𝑲𝒉,𝒌 𝒄𝒐𝒔𝜽𝒉,𝒌
 =

𝑻𝒉

𝑩𝒉

  

 𝜶𝒉= [𝑻𝒉
𝟐+ 𝑩𝒉

𝟐]𝟏/𝟐         

A crucial point. Algorithms started.
Phasing procedures were automated. 
Woolfson and coworkers made a notable 
contribution. 
Their multisolution random approach to the 
phase problem is still used today.



ABANDONMENTS
• Why have DMs suffered so many important 

abandonments? I'm referring to Cochran, Klug, 
Naya, Nitta, Oda, Bertaut, …….

• These great scientists developed important theories, 
fully understood their significance, but the most 
efficient algorithms for their use were not available.

•  Disappointed by their own predictions, they 
abandoned



1975 - 1980  Hauptman, with his 

neighbourhoods s theory and  Giacovazzo with his  

representation theory described the  most effective  

way for estimating any kind of structure invariant or 

seminvariant ( triplets, quartets , one –phase 

seminvariants , two-phase seminvariants ,…) 

For each  s.i. or s.s.i the reflections on  which they 

depend are established. That specifies the type of 

distributions to study.

New  and more efficient probabilistic techniques were 

then developed. 



Examples :
For the  triplet 𝛷3 = 𝜑𝒉𝟏 + 𝜑𝒉𝟐 +𝜑𝒉𝟑 

the following set  
{𝑅𝒉𝟏, 𝑅𝒉𝟐, 𝑅𝒉𝟑, 𝑅𝒌, 𝑅𝒉𝟏+𝒌, 𝑅𝒉𝟏−𝒌, 𝑅𝒉𝟐+𝒌, 𝑅𝒉𝟐−𝒌, 𝑅𝒉𝟑+𝒌, 𝑅𝒉𝟑−𝒌}

is exploited

For the quartet
𝛷4 = 𝜑𝒉 + 𝜑𝒌 + 𝜑𝒍 + 𝜑−𝒉−𝒌−𝒍 

the following set is used : 
{𝐸𝒉, 𝐸𝒌, 𝐸𝒍, 𝐸−𝒉−𝒌−𝒍 , 𝐸𝒉+𝒌, 𝐸𝒉+𝒍, 𝐸𝒌+𝒍},                           



Phase expansion and  refinement
Direct Space Approach

Without the progress in this step, DMs would not 
have been able to solve the phase problem for 

small molecules. 
So, immediately afterwards DM application, the 
phase expansion and refinement techniques are 

applied: these presuppose the existence of a 
partial structure and its phases φ𝑝. 

But what does this step have to do with DMs?



Phase expansion and refinement approaches 
are essentially based on  the estimate of the 

two-phase invariant φ – φ𝒑. 

φ𝑝 phases are used to calculate 
an electron density map which is then 

modified to make the map more conform 
to the features expected for a well phased 
density map. The modified map is Fourier 
inverted  and new phases are calculated. 
DM are used to estimate the reliability of the 

new phases



We will distinguish three families of approaches:

conventional density modification techniques

maximum-likelihood approaches

methods based on the joint probability 
distributions

(free lunch, DEDM, EDM,…)

Very Personal feeling: maximum likelihood 
approaches have not revolutionized this 

scientific landscape



The development of new techniques has made DM a

highly specialized field. 

The complexity of the algorithms required ever-
increasing computing power. Fortunately, computers 
evolved in parallel, creating a synergy between DM 
and computing.

By the mid-1990s, the main task of Direct Methods 
was substantially accomplished: small-to-medium-
size molecules (up to about 250-300 non-hydrogen 
atoms in the asymmetric unit) could be routinely 
solved via automatic computer programs.



National Research Agencies of the most advanced 

Countries recognized the great work done, considered it as 

conclusive,  and decided not to  support any more Direct 

Methods: funding cuts were drastic in many countries.

DMs were re-addressed to  different fields.  Of the nine 

DM leading groups  three  moved towards proteins ( York, 

Göttingen and Buffalo), one to powder and electron  

crystallography ( Amsterdam). Bari split in both the  sub-

groups, powders and proteins.  

Research in Direct Methods  was abandoned



EXPERIMENTAL ASPECTS
It is often the available crystal size that 

suggests the technique to be used 
Crystal size for experimental techniques

XRD lab                           50 -  300 µm
Synchrotron               5-50 µm

FEL                                   0.1- 10 µm
Powders                      0.1-10 µ

Electron Diffraction       0.1 - 1 µm
Cryo –ED                             100 -200 nm  

Let us remain in the small molecule single crystal 
sector. If we don’t have crystals of sufficient size 

what to do?



Electron crystallography is able to obtain diffraction from 

small samples (30nm), owing to the strong interaction of 

the electron with matter .

Many classes of materials ( superconductor catalysts, 

pharmaceuticals, materials for long life batteries, etc. ) are 

often available as multiphase powders constituted by 

nanocrystals. 

Electron diffraction, however, is sensible to dynamical 

effects: as a result it is unable to completely dominate the 

phasing problem.

Luckily new techniques are today available which have 

greatly reduced the dynamic effects.



New Electron Diffraction techniques

Hardware: Precession electron diffraction
                    Electron diffrattometry
Software: Reduction of Dynamical effects

The combination of hardware and software techniques led 
a big improvement in the accuracy of crystal structure 
solution process.
In electron diffraction, heavy atoms do not exist. DMs can 

play a significant role in this field because they work well 
whether heavy atoms are present or not. The only change 
to introduce is the correct atomic scattering factor  for 
electron diffraction.



The powder technique

The research field of this technique includes 
crystal structure solution, chemical phase 
identification, quantitative phase analysis, 
textures, etc.

This has led powder specialists to create a 
dedicated international association: 

EPDIC-European Powder Diffraction Conference

• Crystal structure solution nevertheless retains 
an important role in this Association. Why?



The powder stream

There are materials of high technological interest  which 

are not available as a single crystal of adequate size or 

quality. Powder crystallography allows to investigate  them 

via X-rays. 

In powder diffraction techniques, the three-dimensional 
reciprocal lattice is projected onto a line, the so-called 
experimental diagram. Reflections that have 
approximately the same interplanar distance overlap, and 
so instead of experimentally obtaining spots 
corresponding to the usual three-dimensional reciprocal 
lattice, we obtain a diagram, a continuous line.





Owing to the peak overlapping powder 
techniques are subjected to an inevitable 
loss of information: neither the position of 
the diffraction peaks nor the intensity of 
each individual peak are any longer 
certain.

Non ab-initio techniques  for powder data  
flourished.   The molecular geometry is 
described in terms of internal DOF(bond 
lengths, bond angles and torsion angles). 
Determining the  External DOFs (global 
parameters defining position and 
orientation of the molecular fragment(s)) is 
also necessary to solve the crystal 
structure. 
Solution is  accomplished by using global 
optimization algorithms



A typical and well known program for 

powders  is EXPO, able to perform all the 

typical ab initio and non-ab initio steps  of 

a crystal structure determination from 

powder data.  



The macromolecular stream  



The solution of macromolecular structures requires the 

availability of supplementary information.

For isomorphous replacement : the availability 

of one or more isomorphous structures. It is the first 

historically applied method .

For molecular replacement: the availability of a 

model molecule  similar to the target molecule. It is the most popular 

method. Mathematical techniques are used  for correctly orienting  and 

locating the model molecule in the unit cell of the target structure, 



For anomalous dispersion techniques: the 

availability of different experimental 

amplitudes for Fh and F-h. 

The technique became popular with the advent of 

synchrotron radiation: from its intense 

continuous spectrum  specific wavelengths may be 

selected with high precision,  in order to provoke, 

in several cases, sufficiently large anomalous 

scattering.  



The SIR program is able to solve 
macromolecular crystal structures both 

via  molecular replacement and 
anomalous dispersion techniques. 

 If you have a model molecule available 
the level of automatism is nearly 

complete up to the AMB program CAB.  
The degree of success is very high, also 
because of the high quality of the phase 

refinement step.



Achievements obtained by the macromolecular 
stream : 

The CCP4 and Phoenix projects have been pools 
where new methods and new computer programs 
were harmonized in pipelines   devoted to phase 
determination and  refinement. 

--- protein crystal structure solution, originally 
reserved to a very restricted  elite,   became 
accessible to a large number of scientists. 



New  data collection techniques for  
macromolecular crystallography .

FEL (free electron laser)

It is a pulsed ( of the order of femtosecond) X-ray 
technique, extremely intense and coherent. 

It is based on the concept of :
diffraction before destruction.

Consequently: 
--- each pulse strikes a different crystal in random 

orientation.
--- A total of millions of diffraction patterns are collected, 

from which the reciprocal lattice and diffraction 
intensity are reconstructed.



Advantages: Samples on the order of 
nanometers;      high data resolution;    final R of 
the order of 0.1-0.2.

Disadvantages: one crystal→ one pattern

Tens of thousands of crystals are necessary to 
compensate for both random orientations and 
partial reflections; very complicated calculations 
for data processing.

Therefore, great potential, yet modest impact.



Cryo-electron microscopy (cryo-EM)

Electron radiation interacts with molecules ( not with 
crystals) of unknown orientation, frozen in a very thin 
film of amorphous ice, 20–100 nm thick.

Images are collected that are 2D projections of the 
electron density, with a very low signal-to-noise ratio.

Similar images are grouped together and their 
orientations are determined.

The 3D electron density is reconstructed, typically with 
3–4 Å resolution.



It is a valid  alternative to X-ray 
Crystallography and NMR, and can treat 
membrane proteins, large complexes, and 
even viruses. 

However, it is difficult to get to structures 
with fewer than 4000 non-H atoms in the 
molecule (the electronic signal is too 
weak).

Number of structures deposited in EMDB ≈ 
25000



Cryo-EM DIFFICULTIES

Electrons destroy the sample, so a low-
dose imaging technique is used.

There can be problems interpreting the 
electron density: incorrect side chains, 
plausible but unsupported structures.

More rigorous validation tools have 
recently been introduced to avoid false 
models.



A question. Why  is  it worthwhile investing 
time and resources in discovering new 
methods for solving protein structures in the 
AlphaFold era. 

(i) AlphaFold : has predicted approximately 
200 million of molecular models in a very short 
time. 

PDB : 227 000 experimental structures 
deposited in the PDB over several decades.

(ii) AlphaFold predicts an hypothesis not an 
experimental structure. 



(iii) AlphaFold. Extensive statistical tests show 
that when multiple domains coexist, the 
predicted relative orientation between 

domains is often  incorrect. Also, a small but 
non-negligible percentage of residues with high 

confidence levels are incompatible with the 
experimental density. 

iv) AlphaFold provides inaccurate results for
nucleic acids. Predictions also fail for 

membrane proteins and in the localization of 
ligands 



(iv) Crystallography is a Galilean tool,  experimentally 
determines the crystal structure by leveraging experimental 

data. 

(v) Experimental data are needed to validate or correct
AlphaFold models. New protein conformations cannot be 

discovered using an algorithm that relies on what is already 
known.

(vi) The availability of an AlphaFold model opens up new
opportunities for collaboration with experimental methods,

for example, in molecular replacement or experimental
refinement



Updating Direct Methods
If you want to improve DM for solving 
macromolecular structures you need 
a new source of information, to  be 

incorporated into probabilistic 
methods for improving the invariant 

phase estimation.



There is prior information that has never 
been used despite being always available: 

The Patterson map . A strange twist of fate!

The problem has been investigated by 
Giacovazzo (2019): peaks were considered 
the prior information for the estimation of 
triplet and quartet invariant phases and of 

one-phase seminvariants.



This required a major change in the 
foundations of Direct Methods Theory. In 

fact, the atomic positions:
a) are no longer primitive random variables 

that uniformly sweep the unit cell; 
b) are no longer independent of each other. 

In fact, two atomic positions are subject to the 
constraints represented by the interatomic 

vectors identified in the Patterson map.
.  



The standard joint probability distribution 
function approach for triplets  was suitably 

modified and provided a new von Mises 
distribution for Φ with a concentration 
parameter depending on the exploited 

prior information.
The distribution   

𝑷 𝜱 | 𝑹𝟏, 𝑹𝟐, 𝑹𝟑)
has been replaced by

𝑷 𝜱 | 𝑹𝟏, 𝑹𝟐, 𝑹𝟑, 𝑷𝒂𝒕𝒕𝒆𝒓𝒔𝒐𝒏 )



We have currently published a 
series of six papers on this topic. 
Two of them are theoretical, on 

quartet invariants and one-phase 
semi-invariants. 

Here we are primarily referring to 
triplet invariants. The work was 

conducted not only by me but also 
by these young colleagues.





If triplet invariant phase estimates have 
an accuracy much larger than the 

Cochran formula, then they are  
expected  to be  useful for the ab initio 

crystal structure solution of proteins and 
nucleic acids at non-atomic resolution. In  

this case macromolecular structures 
should be solved ab initio and routinely 

with the same automaticity achieved 
with small molecules.



The derived  conditional triplet phase distribution is
𝑷 𝜱 | 𝑹𝟏, 𝑹𝟐, 𝑹𝟑, 𝑷𝒂𝒕𝒕𝒆𝒓𝒔𝒐𝒏)= 

𝟏

𝟐𝝅𝑰𝟎(𝑮𝑷𝒂𝒕𝒕)
𝒆𝒙𝒑(𝑮𝑷𝒂𝒕𝒕 𝒄𝒐𝒔𝜱)

𝑮𝑷𝒂𝒕𝒕 = 𝑮𝑪𝒐𝒄𝒉{ 𝟏 + 𝟐 ෍
𝒊=𝟏

𝟑

෍

𝝁=𝟏

𝒏

𝑰′(𝒖𝝁) ෍

𝒔=𝟏

𝒎

𝒄𝒐𝒔( 𝟐𝝅𝒉𝒊𝑹𝒔𝒖𝝁)}

where:

𝑮𝑪𝒐𝒄𝒉 =
𝟐𝑹𝟏𝑹𝟐𝑹𝟑

𝑵𝒆𝒒

It is expected to work  well when heavy 
atoms are in the unit cell.



𝑮𝑪𝒐𝒄𝒉 is only a positive multiplier, emphasizing or reducing

the reliability of the Φ estimate.

uμ is the μ-th interatomic vector

I’(uμ) = I(uμ)/Ior, I(uμ) is amplitude of the μ-th Patterson

peak, and Ior is the amplitude of the origin peak.

n is the number of Patterson peaks selected for the active

use

Φ is expected close to 2π if GPatt is positive and large, 
close to π if GPatt is large and negative. The sign of GPatt is 
only fixed by the information contained in the Patterson 
map. 



Actually, the phase of a triplet depends 
now not only on individual Patterson 

peaks but also on special pairs of 
Patterson peaks. We have learned how 

to recognize these special pairs and 
how to evaluate the <MT> (stands for 

mixed term) contribution of these 
pairs. The final formula is as follows:



𝑮𝑷𝑻 = 𝑮𝑪𝒐𝒄𝒉( 𝟏 + ෍
𝒊=𝟏

𝟑

𝒔𝒖𝒎(𝒊) + < 𝑴𝑻 >)

where 

< 𝑴𝑻 >≈

σ𝒊≠𝒋 ≠𝒍 𝑰 𝒊,𝒋,𝒍
′ 𝒄𝒐𝒔𝟐𝝅(𝒉𝟏𝒓𝒊𝒍 + 𝒉𝟐𝒓𝒋𝒍)

𝑰 𝒊,𝒋,𝒍
′  is the assigned peak intensity

Owing to the Patterson characteristics, the method 

works well when heavy atoms are present



PDB SG RES NASU HA STR SG RES NASU HA

1yfd P212121 1.90 6115 Hg  Fe 2wq0 I213                1.08         275 -------

1jpr P212121 1.89 6112 Hg Mn ceho2z P21 0.93 224 -------

1pm2 P212121 1.80 5562 Hg Mn cemc2z P21 0.90 207 -------

1naq P212121 1.86 5292 Hg cahk P21 0.82 155 -------

1z1y P21 2.00 3243 Yb

1arm P21 1.80 2463 Hg Cu

1crm P212121 2.02 2031 Hg

1ytt P212121 1.80 1770 Yb

1buu P213 1.93 1283 Ho

3ajw P6522 2.10 1230 Hg

4ms5      P43212 2.23 278 Ba  Ru

4ltl P43212 2.07 276 Ba  Ru



1naq triplet phase estimation

GCoch GPatt GMT GPT

200 77 92 94 96

400 75 91 93 94

800 74 88 91 93

1600 73 85 90 91

3200 72 83 86 88

6400 70 80 82 85

12800 68 78 78 81

25600 66 74 74 77

51200 65 71 70 73
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PDB ERRDSR ERRCAB RCAB MACAB(%)

1yfd 39 25 24 91

1jpr 33 22 22 90

1pm2 39 22 23 91

1naq 46 28 27 87

1z1y 66 70 50 1

1arm 54 70 52 1

1crm 63 88 -- --

1ytt 32 23 24 84

1buu 21 28 27 87

3ajw 38 29 29 79

4ms5 38 54 48 42

4ltl 33 86 49 2



THANKS 
FOR YOUR ATTENTION



A question. Why  is  it worthwhile investing time 
and resources in discovering new methods for 
solving protein structures in the AlphaFold era?
I refer to DM as well as to Anom. dispersion  as 
well as to MR techniques.
These are the thoughts of a Galilean physicist

(i) AlphaFold : has predicted approximately 200 
million ?????of molecular models in a very short 
time. 
PDB : 227 000 experimental structures deposited in 
the PDB over several decades.



(ii) AlphaFold. Extensive statistical tests show that when 
multiple domains coexist, the predicted relative 

orientation between domains is often
incorrect. Also, a small but non-negligible percentage of

residues with high confidence levels are
incompatible with the experimental density. 

iii) AlphaFold provides inaccurate results for
nucleic acids. Predictions also fail for membrane proteins 

and in the localization of ligands 



(iv) Crystallography experimentally determines the crystal
structure, that is a complex of proteins, ligands, metals, nucleic
acids etc., by leveraging experimental data. The development

of DM provides one of the tools with which this can be
achieved.

(v) The availability of an AlphaFold model opens up new
opportunities for collaboration with experimental methods,

for example, in molecular replacement or experimental
refinement

(vi) AlphaFold predicts an hypothesis not an experimental 
structure. 

(vii) Experimental data are needed to validate or correct
AlphaFold models. New protein conformations cannot be 

discovered using an algorithm that relies on what is already known.



PDB   PATT  RESOL  SIR
1dy5    74    67    21 
1bxo    74      70    30
2fc3     54    49      26 
1tgx    58    54     30 

2a46    69     58     21 
1lys    53     51      29 
1cgo    74     68     42 
2otb    58     54     29 
1kqw    59     54    27 
2sar    52     48     31 
1lat    70     67     47



1e8a 69  58  37 

2f53 59  52  33 

2ayv 53  47  29 

2pby 79  74  35 

2f8m 64  57  35 

1yxa 74  70  36 

2f84 55  48  31 

1cgn 73  66  30 

1xyg 64  58  37 

2a4k 60  55  30 

2b5o 50  46  31 



1ycn 56  49  28 
2iff 62  62  72 

3nr6 80  80  24 
3zyt 83  80  19 
3q6o 81  81  24 
3on5 73  64  24 
4fqd 75  80  27 
3tx8 72  74  41 
3o8s 76  70  22 
3npg 81  82  76 
4e2t 74  69  21 
3nng 75  77  57 



Peak overlapping in a Patterson map linearly increases with N, say with the

number of atoms in the unit cell.

< 𝑂𝑣𝑒𝑟 > =
𝑁2

𝑉
=

𝑁2

𝑁𝑉𝑎𝑡
=

𝑁

𝑉𝑎𝑡

where N2 is the number of interatomic vectors, Vat is the volume per atom.

𝑉𝑎𝑡 = 38, 34.5, and 44 Å3 for proteins, DNA or RNA respectively.

Insensitivity to peak overlapping is a basic condition for a method which

aspires to be applied to macromolecular structures. Luckily, Eq. (6) is not

disturbed by the peak overlapping, so frequent in a Patterson map. Indeed, if

more interatomic vectors coincide, their intensities will sum, and the formula

(6) just uses the sum of those intensities.
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   ( 𝜱 ) ≈  𝟏  𝟐 𝝅  𝑰 𝟎  ( 𝑮 ) 𝒆 𝒙 𝒑   [    𝑮  𝑪 𝒐 𝒄 𝒉     𝒄 𝒐 𝒔   𝜱   ]


   𝑮  𝑪 𝒐 𝒄 𝒉 =     𝟐    𝑹 𝟏 𝑹 𝟐  𝑹 𝟑   𝑵


  𝑷  (   𝝋 𝒉 |  𝝋 𝒌 ,  𝝋  𝒉 − 𝒌 , … ) ≈  𝟏  𝟐 𝝅  𝑰 𝟎  (     𝜶 𝒉   )   𝒆 𝒙 𝒑 ⁡   [     𝜶 𝒉 𝒄 𝒐 𝒔 ⁡   (   𝝋 𝒉 −    𝜽 𝒉   ) ]


    𝒕 𝒂 𝒏 ⁡   𝜽 𝒉 =      ∑ 𝒌  𝑲    𝒉 , , 𝒌     𝒔 𝒊 𝒏  𝜽  𝒉 , 𝒌     ∑ 𝒌  𝑲  𝒉 , 𝒌   𝒄 𝒐 𝒔  𝜽  𝒉 , 𝒌   =      𝑻 𝒉   𝑩 𝒉  


                                                                                                                          𝜶 𝒉 =   [ 𝑻 𝒉 𝟐 +    𝑩 𝒉 𝟐  ]  𝟏 / 𝟐


   𝛷 3 =  𝜑  𝒉 𝟏 +  𝜑  𝒉 𝟐   + 𝜑  𝒉 𝟑  


    { R  𝒉 𝟏 ,    R  𝒉 𝟐 ,    R  𝒉 𝟑 ,    R 𝒌 ,    R  𝒉 𝟏 + 𝒌 ,      R  𝒉 𝟏 − 𝒌 , R  𝒉 𝟐 + 𝒌 ,      R  𝒉 𝟐 − 𝒌 ,   R  𝒉 𝟑 + 𝒌 ,    R  𝒉 𝟑 − 𝒌 }


   𝛷 4 =  𝜑 𝒉 +  𝜑 𝒌 +  𝜑  𝒍   +  𝜑  − 𝒉 − 𝒌 − 𝒍  


   E 𝒉 ,    E 𝒌 ,    E 𝒍 ,    E  − 𝒉 − 𝒌 − 𝒍   ,    E  𝒉 + 𝒌 ,    E  𝒉 + 𝒍 ,    E  𝒌 + 𝒍 }


   φ p


   φ 𝒑


   φ p  


    are   used   to   calculate      


  𝑷  ( 𝜱 ) |    𝑹 𝟏 ,  𝑹 𝟐 ,    𝑹 𝟑 )


  𝑷  ( 𝜱 ) |    𝑹 𝟏 ,  𝑹 𝟐 ,    𝑹 𝟑 , 𝑷 𝒂 𝒕 𝒕 𝒆 𝒓 𝒔 𝒐 𝒏   )


  𝑷  ( 𝜱 ) |    𝑹 𝟏 ,  𝑹 𝟐 ,    𝑹 𝟑 , 𝑷 𝒂 𝒕 𝒕 𝒆 𝒓 𝒔 𝒐 𝒏 )


   𝟏  𝟐 𝝅  𝑰 𝟎 (  𝑮  𝑷 𝒂 𝒕 𝒕 )   𝒆 𝒙 𝒑 ⁡  (  𝑮  𝑷 𝒂 𝒕 𝒕   𝒄 𝒐 𝒔 𝜱 )


   𝑮  𝑷 𝒂 𝒕 𝒕 =  𝑮  𝑪 𝒐 𝒄 𝒉 {   𝟏 + 𝟐  ∑  𝒊 = 𝟏 𝟑   ∑  𝝁 = 𝟏   𝒏   𝑰 ′ (  𝒖 𝝁 )  ∑  𝒔 = 𝟏 𝒎    𝒄 𝒐 𝒔 ⁡ ( 𝟐 𝝅  𝒉 𝒊  𝑹 𝒔  𝒖 𝝁 ) }


     𝑮  𝑪 𝒐 𝒄 𝒉 =   𝟐    𝑹 𝟏 𝑹 𝟐  𝑹 𝟑     𝑵  𝒆 𝒒 


   𝑮  𝑪 𝒐 𝒄 𝒉


   𝑮  𝑷 𝑻 =  𝑮  𝑪 𝒐 𝒄 𝒉 (   𝟏 +  ∑  𝒊 = 𝟏 𝟑  𝒔 𝒖 𝒎 ( 𝒊 )   +   < 𝑴 𝑻 > )


  < 𝑴 𝑻 > ≈


   ∑  𝒊 ≠ 𝒋   ≠ 𝒍   𝑰    𝒊 , 𝒋 , 𝒍   ′   𝒄 𝒐 𝒔 𝟐 𝝅 (  𝒉 𝟏  𝒓  𝒊 𝒍 +  𝒉 𝟐  𝒓  𝒋 𝒍 )  


   𝑰    𝒊 , 𝒋 , 𝒍   ′


  < O v e r >   =      N 2 V =      N 2  N  V  a t =    N   V  a t


   V  a t = 38 ,   34 . 5 ,   and   44    Å 3  

